AIAA JOURNAL
Vol. 35, No. 8, August 1997

General Theory for Cross-Ply Laminated Beams

G. Davix
Universita di Palermo, Palermo 190128, Italy

We present a general formulation of the elasticity theory of the cross-ply composite laminated beam subjected
to various loadings such as axial load, bending moment, shear/bending, and torsion. The formulation is based on
the integral equation theory, and a direct approach is employed to obtain the boundary integral equations for
the analysis of the laminated beam. The integral equations governing the elasticity problem are directly deduced
from the reciprocity theorem, by using the singular solutions of the orthotropic elasticity explicitly derived. The
numerical solution is achieved by the boundary element method, which gives, once the traction free boundary
conditions and the interfacial continuity conditions are enforced, a linear system of algebraic equations. The
theoretical approach does not require any a prioriassumption,and it is absolutely general with regard to the section
properties. The method of analysis provides efficient computation and accurate solutions for many applications.
Four-ply, symmetric cross-ply laminates under uniform axial strain and shear/bending loading are examined in
detail. Numerical results are presented and compared with existing data.

Nomenclature
D, S = strain operators
D,. S, = boundary traction operators
E QG = elasticity matrices
E;;, Gy = elasticity stiffness coefficients
e = vector of load parameters
e, = vector of axial and pure bending load parameters
e = vector of shear/bending load parameters
f;, b;, f3; = fundamental solution body forces
/ = laminate length
Si, W, = fundamental solution displacements
S1, 82, 83 = displacements in the x;, x,, x; directions
t, 1 = boundary tractions
t;, 1 = fundamental solution boundary tractions
t, = boundary tractions due to axial and pure bending
loads
t, = boundary tractions due to shear/bending loads
X1, X2, X3 = coordinate system for the laminate, with x; equal
toz
o, & = boundary normal direction cosines
T, = ply section boundary
& = Kronecker &
£, &3, Y = strain field
&js Yij = strain components
&, &35, Y; = fundamentalsolution strains
&y = strain vector due to axial and pure bending loads
& = strain vector due to shear/bending loads
Vi = Poisson’s coefficients
0,G3, T = stress field
G, T = stress components
0;, G3;, T, = fundamental solution stresses
= laminate cross section
Q, = ply cross section

Introduction

HE interlaminar stresses can lead to delaminationand eventual

failure of a multilayered, fiber reinforced composite laminate
subjectedto static loads. The mismatch in elastic properties between
plies may cause complex three-dimensional stress states, showing
high gradients in the free edge interlaminar regions, which are not
present in homogeneous beams where the de Saint Venant theory
can be convenientlyapplied. Several analysts have computed stress
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distributionsin composite laminates subjectedto uniaxialloading or
pure bending. In particular,a great variety of approacheshave been
used to attempt to calculate the interlaminar stresses due to the free
edge effect. The first approach where a complete three-dimensional
analysis is performed was presented by Pipes and Pagano,! who
employed the finite difference technique to obtain the solution of
the governingelasticity equations. Many solutionsobtained by using
the finite element method are available>~ These differ from each
other in the formulation, the kind of employed elements, and the
discretization schemes.

In the literature, analytical solutions of approximate theories
are also present. The techniques employed to achieve these so-
lutions include the perturbation method,'® series solution,'’-!?
Lekhnitskii’s complex stress potentials coupled with an eigenfunc-
tion expansion'®!* or a polynomial expansion,'*1¢ the extension of
Reissner’s variationalprinciple,!”-!® and the force balance method or
the use of equilibrated stress representationscoupled with the mini-
mum complementary energy principle.!*~2! The stress distributions
obtained by different authors show good agreement between them
for sites away from the free edge. However, considerable disagree-
ment exists for points near the free edge location among the vari-
ous analyticaland numerical solutions proposed. Inasmuch as high
stress gradients occur near the free edge, the approximate and nu-
merical solutions are not capable of predicting the singularity in the
stress field. This is to be expected as a result of a priori assumptions
or because the traction boundary conditions of the continuum prob-
lem have been transformed into the generalized tractions through
equivalentnodalforces. Thus, to obtainaccurate stress distributions,
it is necessary to use progressive mesh refinement.

In the present paper the stress and strain fields in multilayered
cross-ply composite laminates subjected to uniaxial loading, bend-
ing moment, torsion, and shear/bending loading are analyzed. The
laminated beam consists of prismatic elementshavingdifferentelas-
tic properties. The generic element, of constantsection, is presumed
to be homogeneous and orthotropic. The classical de Saint Venant
approach is not yet valid because the anisotropy and inhomogeneity
may cause complex three-dimensional stress states. Furthermore,
the de Saint Venant postulate makes it possible to assume the so-
lution at a certain distance from the extremity zones to be only
dependent on the resultant actions on the beam end sections. As
we know, these central solutions are linear and homogeneous func-
tions of the force and the moment resultants. Thus, it is important
to recover a de Saint Venant solution for anisotropic and inhomo-
geneous beams considering the basic three dimensionality of the
problem. In the present approach stress and strain fields in cross-
ply laminated beams are analyzed by extending a method previ-
ously presented?>~2* This method is based on the integral equa-
tion theory?®:2” and a direct approach is used to obtain an exact
boundary integral equation formulation. By using suitable singular



particular solutions of the orthotropic elasticity problem, explicitly
derived 22242528 the integral equations governing the problem are
directly obtained by applyingthe reciprocitytheorem. The proposed
formulation gives a convenientbasis for a numerical solution by the
boundary element method (BEM). This approach makes it possible,
in the contextof the hypotheses presented, to analyze the beam with
the widest generalities as regards the shape and the composition
of the section and with appreciable computational advantages with
respect to other methods that have been proposed. The approach
proposed can be applied to laminated beams subjected to arbitrar-
ily distributed loads acting along the beam, whose amplitude is so
small that the local effect on the stress state is negligible,’ such as
postulated in the de Saint Venant approach. Some applications to
symmetric cross-ply laminates are presented to check the accuracy
and the efficiency of the present method.

Definitions

Considera beam type composite laminate, having a cross section
Qand length/, subjectedto axial loading, bending moment, torsion
and shear/bending loading. The loads are applied on the beam’s
terminal sections only. Let the laminate be composed by generally
stacked prismatic plies, perfectly bonded at the interface, and let
it be referred to a coordinate system x;, i = 1, 2, 3 with the third
axis x3 = z parallel to the beam generatrices (as shown in Fig. 1).
The generic ply, having length / and section €2, with boundary I,
is assumed homogeneous and orthotropic with respect to the axis
system x;, i = 1, 2, 3. Under the preceding assumptions, following
Lekhnitskii,?® the laminate displacement field can be expressed as

2 3
ez ez
Si= U —— + Vi __— la
1 1 5 1 6 (la)
e,7% N e4z’ (Ib)
Sy = Uy _—— + Vyz _——
2 2 5 2 6
2
e3xX1 + e4x)z
w = @+ (eg+ e;x; + e3x7)z + M (1o

2

where ¢, e1, e, 3, and e, are constant all over the laminate sec-
tion, whereas the functions u,, u,, vy, v2, and ¢ depend on x, and
x, only. The constants e, e;, and e, are associated to axial loading
and pure bending, whereas the constants e; and e, are connected to
shear/bending. The torsion is represented by considering the rigid
rotation of the cross section in the functions v; and v,. This dis-
placement field is able to representthe general elasticity solutionof
a beam type, cross-ply composite laminate under various types of
loading characterized by the resultantactions of the stresses that act
on the section. The strain field associated with the displacements
(1) is given by

&
E=| & 1=Ds=D(u+zv) =&, + z&, (2a)
&
&y = ey+ e x;+ erxxr + (€3X1 + €4X2)Z = Xe, + zXle, (2b)
y:[%l] = v+ Sop (2¢)
V32

Fig.1 Coordinate system.
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where
ST = [Sl Sz] (33.)
v =[u  us] (3b)
VT = [V1 Vz] (30)
X= [1 X1 Xz] (3d)
X=[n x (3¢)
ey =[eg e e] (3
e, = [63 64] (3g)
0

EoN

— 0 —_
D= o2 (3h)

o 0

a)Q 5x1

0
_ aXl .
S= i (31)
aX2
The stresses are
ai Eyn Ep, O E;
o=|on |=|Ex En 0 Je+| Ex l&;
O O O Glz O
= Es + Q&3 = E(¢, + z€,) + Q(Xe, + zXle,) (4a)
03 = Q' e+ Enney = Q' (&, + z&,) + Ex3(Xe, + zXle,) (4b)
T3 G31 0 Y31
T= = =G 4,

B R [ R

The equilibrium equations, governing the behavior of each ply, can
be expressed as

D'c=0 (5a)
§t+2%B 0w q (5b)

0z
D,o=t (6a)
S, T =t on T, (6b)

where one has to set
p=|® 0 @ (7a)
= a
"T0 o

S, =[on o] (7b)
tT = [tl tz] (7C)

In the precedingrelations, ¢4 and ¢ are the direction cosines of the
outwardly directed normal to the ply section boundary I', whereas
t; indicates the surface forces acting on I,.

Integral Equation Formulation

The generic ply, with section(2, having boundary I, is loaded by
the traction system ¢t and # on its lateral surface and by the normal
stress 033 and shear stresses T on the terminal sections. The traction
t; and stresses T are constant along the z axis, whereas the stress
i3 and tractions tare linearly variable along the longitudinalaxis z.
Let the elementary prismatic solid be subjectedto a fictitious system
of body forces f; and let sy, 5,;, and w; be the components of a
particular system of displacements related to f;. Let also &;, &;;,
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andy; bethestrains, 0 ;, Gi3;,and T, be the stresses,and ¢; and 3; be
the boundary tractions, respectively. The equilibrium equations are

Do, = _% b, (8a)
st = _agj" _fi (8b)

where
b, =i, /] ©)

By applying the reciprocity theorem to the actual ply response
and to the particular solution described, considering the first
two equilibrium equations and taking into account Egs. (4), one
obtains

](tj.s sTt)dF+] (b+aT
L,

T
3 ) sdQ2,

] (0fe _el0)d. :] (&30 _€] Qs3) d2,
Q Q
(10)

Substituting the expressions of the displacements s of Egs. (1) and
considering that

] tj dl—l, = _] (bj +
T, Q,

Eq. (10) becomes

&)m

3 (1D

] [tT(u+zv)_sTt]dF+] (b +5_) (u+zv)dQ,

0

= (12)

] (833jQT5 _EJTQ&‘B) dQ,
Q

The tractions ¢ applied along the ply lateral surfaces are the sum
of two parts, namely, the tractions due to the axial or pure bend-
ing loading, which are constant along the longitudinal axis z, and
the tractions concerning shear/bending loading that present a linear
variation with respectto z:

t=1t,+zt (13)

Finally, taking into account Egs. (2), from Eq. (12) one obtains

]rc[t;(u+ zv) _sz.(tn + Zt,)] dr,

+] (b+aT) (u+ zv)dQ,

Q 0

:] [&ng (€, +z&,) _€ jQ(Xen +zXIe,)]d.Q (14)
Q

It is evident that Eq. (14) is verified to make the following expres-
sions simultaneously:

] (tfu_sjr.tn)dl“€+] ( °T,
L. Q

— dQ,
b+az)u ),

:] (&3,Q e, €7 QXe,) dQ. (15)
Q.
0T,
] Z(t;-V_Sft,)dr€+] (b + —) vdQ,
I Q. aZ
:] 2(&3,Q e, _ €7 QXre,) d2. (16)
Q.
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Hence, under the hypotheses that s; and w; are constant and lin-
ear along z, respectively, deriving Eq. (16) with respect to the third
coordinate z, one has

]‘Q" (

] (Fv_s't)dl, + o,
L.
] (&3,Q"e, _€1QXre,) dQ,
Q

b; +E) vdQ,

(17)

Equations (15) and (17) in more compact form can be written as

](tj.[u v _st[t, t,])dli,+] (
L. Q

b+ L ' 4o
J aZ [U V] e

= &]_€TQ[Xe, Xie]) dQ. (18)

] (833jQT[5n
Q

From Eq. (18) the first two integral equations can be deduced. In-
deed, settingw ; = 0 and assumingthatthe b;, j =1, 2, are the com-
ponents of a point load applied at the point P, along the j direction,
one has

STu(B) WP+ ] (@lu ) _sTl, 6T,
T,

= _] £7Q[Xe, Xle]dQ, = _] o3[ Xe, Xle]dQ
2 Q.
(19)
where the ¢; vector is given by
c; :] b;dQ, = _] t;dI, (20)
Q L.

From the third equilibrium equation, taking into account Eqgs. (2)
and recalling that the s; displacements are constant along the z di-
rection, one obtains

] lgj(pdr€+] (fzj(p+ T;V)d.()e
L. Q

:] le‘gdre-F]
I

Taking the derivative of Eq. (21) with respect to z, subtracting it
from Eq. (17), and then taking into account the expression of Gi;
given by Eq. (4b), one obtains

003

w,;,—— dQ
Q / aZ ¢

e2y)

atgj 51 j
]I‘C(t}-!’_(pg STt,+l‘g 3- )dF
8f3j _ 5833
+]Qc(b{.v_<p5) dQe__]QC Oy A2, (22)

Under the hypothesisthat b; = 0 and that f3; is a concentratedforce
applied at Py, Eq. (22) gives the third integral equation

ot ow
CH(IXPO)'F] (t'TV a;j STt,+l‘z 3. )dF
= _] Gi3; Xle, dQD, (23)
Q
where
en=_| Yvag = %ugr, (24)
aQ Oz r, 0z

Equations (19) and (23) provide the relations that allow one to
obtain, for P, belonging to the boundary I, and for j=1,2,3,
the integral equations linking the displacements and tractions on
the ply section boundary. The domain integrals on the right-hand
side of the integral equations (19) and (23) can be converted into
boundary integrals. Let us consider a particular system of dis-
placements s associated with the linear strain &;. According to
Lekhnitskii,?® the particular solution was obtained by integrating



the elastic equilibrium equations of the beam. As a result, indicat-
ing with es the unittorsionangle, one has the followingdisplacement
field:

K vse+ex+ex x+vsex§ eZ2
1= V| e 15 tenn pe —eis
V31X12_V32X§ z3
—|e| | teaviixixtesxy|z__e3—
2 6
- 2 . z3
—u _e;—+viz_e3— 25a
1 15 1 3% (252)
- N o) x? z?
= _ e+ ex1+e—|x e— _er—
p) Va2l €o 1X1 2 ) 2+ Ve ) 2 5
vgle_vjzxf z
—|e3VnXiXy ey ————— | —esX||Z _ey—
2 6
2 3
- z¢ z
= Uy _er— + Voz _eq— 25b
12— 2 47 (25b)
- z2
w = (e + e1x1 + e2X2)z + (e3x1 + €4X2)?
X X3
+62,U21 +€4,Uu
2
= (ep+ e1x1 + exxy)z + (e3x + €4X2)3 + 0 (25¢)

where v, and Vv, are Poisson’s coefficients and p13, and u, are
given by

_ (Es+ Ga)vii+ (B + Gyp) vio — B3
3 =
) Gs;

From Egs. (19) and (23), because of 0 is identically null, one has

(26)

STUR) W)+ ] flu VdT,

A

= _] ai3j[Xe, Xle]dQ2 27
Q
633(_[1})0)4-] tj-_!’_(_l)aat%-k_ aawj dr

- _] G35, Xre, 4, (28)
Q,

Finally, subtracting Eq. (27) from Eq. (19) and Eq. (28) from Eq.
(23), one obtains

STu(B) WP+ ] (fla v _s[t, DT,
T,

A

J

= ¢;[u(P) V(PO)]+]I“ t;[u v]dL, (29)

0h 0
sz<P(Po)+] (Fv o=t STt 41 ;Zf)dre

- -0 _a
—sz(l(Po)+] (tT- (P%+ 3 gj)dr (30)

which constitute the boundary integral representation of the prob-
lem dealt with. Equations (29) and (30) give the integral equations
coupling the tractions and the displacementson the boundary of the
generic ply. These equations, together with the prescribed boundary
data and the interfacial conditions, are the fundamental relations
for the solution of the problem by the BEM. When the ply section
boundary is discretized by boundary elements, the unknowns in-
volvedin Eq. (29) are, in general, four for each nodal point, namely,
u, v, t,, and t,. On the otherhand, for each node, that is for P, coinci-
dent with the nodal point, one can write term to term four equations,
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Py beingcommon to the boundariesof the contiguousplies. Once the
fundamentalsolutionsare known, taking into account the prescribed
boundary data and enforcing the interface continuity conditions, a
set of linear algebraic equations is obtained, the solution of which
provides the displacements and the tractions along the x; and x,
directions on the boundary of each ply. Then from Eq. (30) one
can determine the other ply section boundary unknowns, i.e., the
function @and the tractions # directed along the z axis.

Fundamental Solutions
The fundamentalsolutions, i.e., the orthotropic elastic responses

in infinite domain due to point loads acting at P, depend on the
roots of the following characteristic equation®?-2-2%;

CyX _2(Ciy + C3/ DA+ C = 0 (3D
where the coefficients C,, are the elastic coefficients of the ply

[C]=E- (32)

Assuming that the roots A; of Eq. (31) are distinct and positive in
sign, as generally happens, the first two fundamental solutions s;

are
5] | )

in which
(P, P) = _(bor)l27 (34a)
v (P, By = _[tan="(\/Ziy/ )l 2m\ /A (34b)
@:(P. By) = _[tan—' (\ /Ayl )\ /Al 27 (34c)
Y P, Py) = (bur))/2m (34d)

where

x=x(P) _xi(P) (352)
Vy=x(P) _x,(FR) (35b)

1= AMXE 4+ Aiy? (35¢)

where x; ( P) are the coordinates of the field point P and x;( P) are
the location coordinates of the point force. Moreover, one has to set

B, = Ci —Cil A (36a)
By = Cpy _Col & (36b)

The stresses 0, associatedto these fundamentalsolutions,are given
by

%9, 09

0x; Ox;
o _ CAZY, oy, 1j 37
%\ =75, —hon [Azj] (7
el o, o,

A10x; A0x;

The 4;; constants are provided by

Y Bzz ]
A= 38
' sz()q ) le\% (382)

kb [Bu/ ]
38b
=R Bu/jl (38b)
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The third fundamental singular solution of the problem was explic-
itly derived by using Lekhnitskiis?® stress functions. This solution
is given by the following relationship:

NE M3Bi @3B 0 Az
s3 1= VisBa Y By 0 Ax (39)
w3 0 0 X33 A33

where
@3 = x(\ALln(r,) — 1] — Alla(rs) — 1V /%)
+ Ay tan= [\ —AfMxr [ (2 4\ A ZayD)] (40a)
i = Y AL (r) — 1] —A/As[la(r3) — 1)

—xtan= [(\/& x4+ A Ay (40b)
and where @3 = airs) (400)
A= Gyl Gy (41a)

r3 = A2 4+ A3)? (41b)

The stresses are

(o]
O
On
B j&(rl)_j&(rg) 0 0] 45
= En 2)/ _2_ 1’1)/ _1 0 0 A23
tan=' [( 75 — VDxy /(2 +VFT5D] 0 0 || 4
[0 p ba(r2) — j Enz-"s) —Gsy ba(r3)
+]0 £ Ts _Nr) X —G3 ba(r3)
0 tan—l[(\?_ 2)xy/(x2+ \?ngz)] 0
_A13
X Az (423.)
Ass
Ty _ G3 0 X/V32 ]
[T32]3 - [ 0 G32] [)“?y/}’% X3 As3 (42b)

For this fundamental solution, the coefficients 4,3 need to be calcu-
lated from the following relation:

A A 0
Az e (BA_A) (B_A)
Ay 1= 7;()‘ 31)‘3)2 s M 0
As; t=" () (L_A)
0 0 1
_Cu G+ CnGn+ \’13_
Cn
C1G31 + CnG3 4 W3
43
X o (43)
(A _A)

3
The fundamental sol\Zons in an infinite orthotropic domain are
calculated for a unit point force at the location P,. It can be proved
that, whereas the coefficient ¢;; of the Eq. (20) is equal to &; when
P, is in the interior domain €2,, the value of ¢;; is equal to & j/ 2
when P, is on the smooth boundary I.

Applications

In this section some applications are presented to illustrate the
formulation proposed. The examples refer to two cross-ply lami-
nate configurations, namely, (0/90), and (90/0);, that have been
widely investigated in literature and for which solutions are avail-
able for comparison. The geometrical properties of the investigated
laminates are shown in Fig. 2 and the material elastic properties in
gigapascal are set as follows:

E; ; =137.9 Err = Egg=14.5

(44)

GLT: GLS: GTS:5‘9 ViT = Vs = \/&-32021
where the subscripts L, 7', and S refer to along fiber, transverse,
and thickness directions, respectively. Owing to the structural sym-
metry only a quarter of the laminate section has been considered in
the analysis, and for each ply the discretizationshown in Fig. 3 has
been used. The integrals have been calculated by Gauss quadrature
with linear interpolation of the unknown boundary data. Suitable
numerical techniqueshave been used to take into account the kernel
singularities3® At the corner points the coefficients ¢;; are numeri-
cally obtained by calculatingthe boundary integral of Eq. (20). The
assumption of symmetric stress tensor requires ¢;; = 0 at the free
edge location x, = /1, so as to satisfy the local momentum equilib-
rium. To satisfy this free edge condition, the two equations written
for a point load applied at the free edge interlaminar corner and
directed along the x; axis are substituted by a linear combination
obtained by summing them.

Figures 4 and 5 show the interlaminar stresses G, and G, re-
spectively,at the interface x, = /&, for the two laminates subjected to
axial extension. The stress distributions obtained show good agree-
ment with those available in the literature for points away from the
free edge. However, considerable differences exist for points near
the free edge location. This is to be expected as a result of a pri-
ori assumptions for approximate solutions or because the boundary
tractionconditionsof the continuumproblemhave beentransformed
into conditions on the generalized data. In the present solution (as
shown in Fig. 5), the interlaminar shear stress o;; goesto zero at the
free edge as must be in orderto agree with the traction-freeboundary
condition. However, even if the shear stress ¢;; vanishes at the free
edge, the stress distribution near the free edge (Fig. 5) increases
rapidly toward large values, which suggests a significant stress
concentration.

Figures 6, 7, and 8 show the interlaminarstresses G|, G,, and G3,
respectively,at the interface x, = &, for the two laminates subjected
to a shear loadingalong the x, axis. Figures 6 and 7 suggest that the

X2

Free Edge Interfaces

hT Xy

I~
Free Edge
—— 2b=16h—H

Fig.2 Laminate configuration.

t t t t t (i

Number of elements for each ply = 54

Fig. 3 Boundary element method discretization for a quarter of the
beam section.
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Fig. 4 Stress 0y, distribution for [0/90]; and [90/0]; laminates under
axial extension.
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Fig. 5 Stress 03 distribution for [0/90]; and [90/0]; laminates under
axial extension.
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Fig. 6 Stress 031 distribution for [90/0]; and [0/90]; laminates at the
generic longitudinal coordinate z under shear/bending loading.

interlaminar stress ; and peeling stress &, distributionsalong the
interface have the same trend as those found for laminates under
uniform axial extension for both laminates considered. It is also
seen that a rapid change of gradients occurs near the free edge
for the o33 interlaminar shear stress in composite laminates under
shear/bending. By summarizing the results, the solutions indicate
that complex stress states with significant stress concentrationsnear
the free edge are present in cross-ply laminates subjected to various
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Fig.7 Stress 07, distribution for [90/0]s and [0/90]; laminates at the
generic longitudinal coordinate z under shear/bending loading.
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Fig. 8 Stress 0,3 distribution for [90/0]; and [0/90]; laminates under
shear/bending loading.

loading. The present analysis appears to confirm the existence of
stress singularities in the stress field at the free edge as pointed out
by other authors.3-¢-813 This problem is the subject of in progress
analyses.

Conclusions

The formulation proposed provides the elasticity solution for the
multilayered, beam type composite laminate under various loadings
applied only on the terminal sections. The problem s exactly formu-
lated in terms of integral equations, and the solution is numerically
achieved by using the BEM. All of the elasticity relations, that is,
equilibrium equations, strain compatibility, traction boundary con-
ditions, and ply interface continuity conditions, are exactly satisfied
inthe formulation,which thereforeproves consistent. The numerical
solution provided by the BEM thus tends to the solution of the con-
tinuous model with the mesh refinement. The present formulation is
a very interesting approachto the problem both from the theoretical
and the computational point of view. It allows the analysis of struc-
tural components of composite material working in the context of
no a priori assumptions. Four-ply, symmetric cross-ply laminates,
subjected to axial and shear/bending loads have been investigated
and the results compared, when available, with those obtained us-
ing other solution techniques. The interlaminar stress pattern near
the free edge, which was obtained without appealing to successive
mesh refinements, highlights the efficacy of the method.
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