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General Theory for Cross-Ply Laminated Beams

G. DavÁõ ¤
Universit Áa di Palermo, Palermo I90128, Italy

We present a general formulation of the elasticity theory of the cross-ply composite laminated beam subjected

to various loadings such as axial load, bending moment, shear/bending, and torsion. The formulation is based on
the integral equation theory, and a direct approach is employed to obtain the boundary integral equations for

the analysis of the laminated beam. The integral equations governing the elasticity problem are directly deduced
from the reciprocity theorem, by using the singular solutions of the orthotropic elasticity explicitly derived. The

numerical solution is achieved by the boundary element method, which gives, once the traction free boundary
conditions and the interfacial continuity conditions are enforced, a linear system of algebraic equations. The

theoretical approachdoes not require any a priori assumption,and it is absolutelygeneral with regard to the section
properties. The method of analysis provides ef® cient computation and accurate solutions for many applications.

Four-ply, symmetric cross-ply laminates under uniform axial strain and shear/bending loading are examined in
detail. Numerical results are presented and compared with existing data.

Nomenclature
D, S = strain operators
Dn , Sn = boundary traction operators
E, Q, G = elasticity matrices
Ei j , G i j = elasticity stiffness coef® cients
e = vector of load parameters
en = vector of axial and pure bending load parameters
et = vector of shear/bending load parameters
f j , b j , f3 j = fundamental solution body forces
l = laminate length
s j , w j = fundamental solution displacements
s1, s2 , s3 = displacements in the x1, x2, x3 directions
t, t3 = boundary tractions
t j , t3 j = fundamental solution boundary tractions
tn = boundary tractions due to axial and pure bending

loads
tt = boundary tractions due to shear/bending loads
x1, x2, x3 = coordinate system for the laminate, with x3 equal

to z
a 1, a 2 = boundary normal direction cosines
C e = ply section boundary
d i j = Kronecker d
", e 33, ° = strain ® eld
e i j , c i j = strain components
" j , e 33 j , ° j = fundamental solution strains
"n = strain vector due to axial and pure bending loads
"t = strain vector due to shear/bending loads
m i j = Poisson’s coef® cients
¾, r 33, ¿ = stress ® eld
r i j , s i j = stress components
¾ j , r 33 j , ¿j = fundamental solution stresses
X = laminate cross section
X e = ply cross section

Introduction

T HE interlaminarstresses can lead to delaminationand eventual
failure of a multilayered, ® ber reinforced composite laminate

subjectedto static loads.The mismatch in elasticpropertiesbetween
plies may cause complex three-dimensional stress states, showing
high gradients in the free edge interlaminar regions, which are not
present in homogeneous beams where the de Saint Venant theory
can be convenientlyapplied. Several analysts have computed stress
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distributionsin composite laminatessubjectedto uniaxial loadingor
pure bending. In particular,a great variety of approacheshave been
used to attempt to calculate the interlaminar stresses due to the free
edge effect. The ® rst approach where a complete three-dimensional
analysis is performed was presented by Pipes and Pagano,1 who
employed the ® nite difference technique to obtain the solution of
thegoverningelasticityequations.Manysolutionsobtainedbyusing
the ® nite element method are available.2±9 These differ from each
other in the formulation, the kind of employed elements, and the
discretization schemes.

In the literature, analytical solutions of approximate theories
are also present. The techniques employed to achieve these so-
lutions include the perturbation method,10 series solution,11,12

Lekhnitskii’s complex stress potentials coupled with an eigenfunc-
tion expansion13,14 or a polynomial expansion,15,16 the extension of
Reissner’s variationalprinciple,17,18 and the forcebalancemethodor
the use of equilibratedstress representationscoupled with the mini-
mum complementary energy principle.19±21 The stress distributions
obtained by different authors show good agreement between them
for sites away from the free edge. However, considerable disagree-
ment exists for points near the free edge location among the vari-
ous analytical and numerical solutions proposed. Inasmuch as high
stress gradients occur near the free edge, the approximate and nu-
merical solutionsare not capableof predicting the singularity in the
stress ® eld. This is to be expected as a result of a priori assumptions
or because the traction boundary conditionsof the continuum prob-
lem have been transformed into the generalized tractions through
equivalentnodalforces.Thus, to obtainaccuratestressdistributions,
it is necessary to use progressive mesh re® nement.

In the present paper the stress and strain ® elds in multilayered
cross-ply composite laminates subjected to uniaxial loading, bend-
ing moment, torsion, and shear/bending loading are analyzed. The
laminatedbeamconsistsof prismaticelementshavingdifferentelas-
tic properties.The generic element, of constantsection, is presumed
to be homogeneous and orthotropic. The classical de Saint Venant
approach is not yet valid because the anisotropyand inhomogeneity
may cause complex three-dimensional stress states. Furthermore,
the de Saint Venant postulate makes it possible to assume the so-
lution at a certain distance from the extremity zones to be only
dependent on the resultant actions on the beam end sections. As
we know, these central solutions are linear and homogeneous func-
tions of the force and the moment resultants. Thus, it is important
to recover a de Saint Venant solution for anisotropic and inhomo-
geneous beams considering the basic three dimensionality of the
problem. In the present approach stress and strain ® elds in cross-
ply laminated beams are analyzed by extending a method previ-
ously presented.22±25 This method is based on the integral equa-
tion theory26 , 27 and a direct approach is used to obtain an exact
boundary integral equation formulation. By using suitable singular
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particular solutions of the orthotropic elasticity problem, explicitly
derived,22, 24, 25 , 28 the integral equations governing the problem are
directlyobtainedby applyingthe reciprocitytheorem.The proposed
formulationgives a convenientbasis for a numerical solutionby the
boundaryelementmethod (BEM). This approachmakes it possible,
in the contextof the hypothesespresented, to analyze the beam with
the widest generalities as regards the shape and the composition
of the section and with appreciable computational advantages with
respect to other methods that have been proposed. The approach
proposed can be applied to laminated beams subjected to arbitrar-
ily distributed loads acting along the beam, whose amplitude is so
small that the local effect on the stress state is negligible,7 such as
postulated in the de Saint Venant approach. Some applications to
symmetric cross-ply laminates are presented to check the accuracy
and the ef® ciency of the present method.

De® nitions
Consider a beam type composite laminate, having a cross section

X and length l, subjected to axial loading, bendingmoment, torsion
and shear/bending loading. The loads are applied on the beam’s
terminal sections only. Let the laminate be composed by generally
stacked prismatic plies, perfectly bonded at the interface, and let
it be referred to a coordinate system xi , i = 1, 2, 3 with the third
axis x3 = z parallel to the beam generatrices (as shown in Fig. 1).
The generic ply, having length l and section X e with boundary C e,
is assumed homogeneous and orthotropic with respect to the axis
system xi , i = 1, 2, 3. Under the preceding assumptions, following
Lekhnitskii,28 the laminate displacement ® eld can be expressed as

s1 = u1 ¡
e1z2

2
+ v1z ¡

e3z3

6
(1a)

s2 = u2 ¡
e2z2

2
+ v2z ¡

e4z3

6
(1b)

w = } + (e0 + e1x1 + e2x2)z +
(e3x1 + e4x2)z

2

2
(1c)

where e0 , e1 , e2, e3, and e4 are constant all over the laminate sec-
tion, whereas the functions u1 , u2, v1 , v2, and } depend on x1 and
x2 only. The constants e0, e1 , and e2 are associated to axial loading
and pure bending, whereas the constants e3 and e4 are connected to
shear/bending. The torsion is represented by considering the rigid
rotation of the cross section in the functions v1 and v2 . This dis-
placement ® eld is able to represent the general elasticity solutionof
a beam type, cross-ply composite laminate under various types of
loading characterizedby the resultant actions of the stresses that act
on the section. The strain ® eld associated with the displacements
(1) is given by

" = é
êë
e 11

e 22

e 12

ù úû
= Ds = D(u + zv) = "n + z"t (2a)

e 33 = e0 + e1x1 + e2x2 + (e3x1 + e4x2)z = Xen + zX 0 et (2b)

° = [ c 31

c 32] = v + S } (2c)

Fig. 1 Coordinate system.

where

sT
= [s1 s2] (3a)

uT
= [u1 u2] (3b)

vT
= [v1 v2] (3c)

X = [1 x1 x2] (3d)

X 0 = [x1 x2] (3e)

eT
n = [e0 e1 e2] (3f)

eT
t = [e3 e4] (3g)

D =

é
êêêêêêë

@

@x1

0

0
@

@x2

@

@x2

@

@x1

ù úúúúúúû
(3h)

S =
é
êêë

@

@x1

@

@x2

ù úúû
(3i)

The stresses are

¾ = é
êë
r 11

r 22

r 12

ù úû
= é
êë

E11 E12 0

E12 E22 0

0 0 G12

ù úû
" + é

êë
E13

E23

0

ù úû
e 33

= E" + Q e 33 = E("n + z"t ) + Q(Xen + zX 0 et ) (4a)

r 33 = QT " + E33 e 33 = QT ("n + z"t ) + E33(Xen + zX 0 et ) (4b)

¿ = [ s 31

s 32] = [G31 0

0 G32] [ c 31

c 32] = G° (4c)

The equilibrium equations, governing the behavior of each ply, can
be expressed as

DT ¾ = 0 (5a)

ST ¿ +
@r 33

@z
= 0 in X e (5b)

Dn¾ = t (6a)

Sn¿ = t3 on C e (6b)

where one has to set

Dn = [ a 1 0 a 2

0 a 2 a 1] (7a)

Sn = [ a 1 a 2] (7b)

tT = [t1 t2] (7c)

In the preceding relations, a 1 and a 2 are the directioncosines of the
outwardly directed normal to the ply section boundary C e whereas
ti indicates the surface forces acting on C e .

Integral Equation Formulation
The genericply,with section X e havingboundary C e , is loadedby

the traction system t and t3 on its lateral surface and by the normal
stress r 33 and shear stresses¿ on the terminal sections.The traction
t3 and stresses ¿ are constant along the z axis, whereas the stress
r 33 and tractions t are linearlyvariable along the longitudinalaxis z.
Let the elementaryprismatic solid be subjectedto a ® ctitious system
of body forces f j and let s1 j , s2 j , and w j be the components of a
particular system of displacements related to f j . Let also " j , e 33 j ,
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and° j be the strains,¾ j , r 33 j , and¿j be the stresses,and t j and t3 j be
the boundary tractions, respectively.The equilibrium equations are

DT ¾ j = ¡
@¿ j

@z ¡ b j (8a)

ST ¿ j = ¡
@r 33 j

@z ¡ f3 j (8b)

where

bT
j = [ f1 j f2 j ] (9)

By applying the reciprocity theorem to the actual ply response
and to the particular solution described, considering the ® rst
two equilibrium equations and taking into account Eqs. (4), one
obtains

* C e

(tT
j s ¡ sT

j t) d C e + *
X e
( b j +

@¿ j

@z )
T

s dX e

= *
X e

(¾T
j " ¡ "T

j ¾) dX e = *
X e

( e 33 j Q
T " ¡ "T

j Q e 33
) dX e

(10)

Substituting the expressions of the displacements s of Eqs. (1) and
considering that

* C e

t j d C e = ¡ *
X e

( b j +
@¿ j

@z ) dX e (11)

Eq. (10) becomes

* C e

[tT
j (u + zv) ¡ sT

j t]d C e + *
X e

( b j +
@¿ j

@z )
T

(u + zv) dX e

= *
X e

( e 33 j Q
T " ¡ "T

j Q e 33
) dX e (12)

The tractions t applied along the ply lateral surfaces are the sum
of two parts, namely, the tractions due to the axial or pure bend-
ing loading, which are constant along the longitudinal axis z, and
the tractions concerningshear/bending loading that present a linear
variation with respect to z:

t = tn + ztt (13)

Finally, taking into account Eqs. (2), from Eq. (12) one obtains

* C e

[tT
j (u + zv) ¡ sT

j (tn + ztt )]d C e

+ *
X e
( b j +

@¿ j

@z )
T

(u + zv) dX e

= *
X e

[e 33 j Q
T ("n + z"t ) ¡ "T

j Q(Xen + zX 0 et )]dX e (14)

It is evident that Eq. (14) is veri® ed to make the following expres-
sions simultaneously:

* C e

(tT
j u ¡ sT

j tn ) d C e + *
X e

( b j +
@¿ j

@z )
T

u dX e

= *
X e

( e 33 j Q
T "n ¡ "T

j QXen
) dX e (15)

* C e

z(tT
j v ¡ sT

j tt ) dC e + *
X e

z( b j +
@¿ j

@z )
T

v dX e

= *
X e

z( e 33 j Q
T "t ¡ "T

j QX 0 et
) dX e (16)

Hence, under the hypotheses that s j and w j are constant and lin-
ear along z, respectively, deriving Eq. (16) with respect to the third
coordinate z, one has

* C e

(tT
j v ¡ sT

j tt ) d C e + *
X e

( b j +
@¿ j

@z )
T

v dX e

= *
X e

( e 33 j Q
T "t ¡ "T

j QX 0 et
) dX e (17)

Equations (15) and (17) in more compact form can be written as

* C e

(tT
j [u v] ¡ sT

j [tn tt ]) d C e + *
X e
( b j +

@¿ j

@z )
T

[u v] dX e

= *
X e

( e 33 j Q
T ["n "t ] ¡ "T

j Q[Xen X 0 et ]) dX e (18)

From Eq. (18) the ® rst two integral equations can be deduced. In-
deed, settingw j = 0 and assuming that the b j , j = 1, 2, are the com-
ponents of a point load applied at the point P0 along the j direction,
one has

cT
j [u(P0) v(P0)] + * C e

(tT
j [u v] ¡ sT

j [tn tt ]) d C e

= ¡ *
X e

"T
j Q[Xen X 0 et ] dX e = ¡ *

X e

r 33 j [Xen X 0 et ] dX e

(19)

where the c j vector is given by

c j = *
X e

b j dX e = ¡ * C e

t j d C e (20)

From the third equilibrium equation, taking into account Eqs. (2)
and recalling that the s j displacements are constant along the z di-
rection, one obtains

* C e

t3 j } d C e + *
X e

( f3 j } + ¿T
j v) dX e

= * C e

w j t3 dC e + *
X e

w j

@r 33

@z
dX e (21)

Taking the derivative of Eq. (21) with respect to z, subtracting it
from Eq. (17), and then taking into account the expression of r 33

given by Eq. (4b), one obtains

* C e
( tT

j v ¡ }
@t3 j

@z ¡ sT
j tt + t3

@w j

@z ) d C e

+ *
X e

( bT
j v ¡ }

@f3 j

@z ) dX e = ¡ *
X e

r 33 j

@e 33

@z
dX e (22)

Under the hypothesis that b j = 0 and that f3 j is a concentratedforce
applied at P0 , Eq. (22) gives the third integral equation

c33 } (P0) + * C e
( tT

j v ¡ }
@t3 j

@z ¡ sT
j tt + t3

@w j

@z ) d C e

= ¡ *
X e

r 33 j X 0 et dX e (23)

where

c33 = ¡ *
X e

@f3 j

@z
dX e = * C e

@t3 j

@z
d C e (24)

Equations (19) and (23) provide the relations that allow one to
obtain, for P0 belonging to the boundary C e and for j = 1, 2, 3,
the integral equations linking the displacements and tractions on
the ply section boundary. The domain integrals on the right-hand
side of the integral equations (19) and (23) can be converted into
boundary integrals. Let us consider a particular system of dis-
placements Ås associated with the linear strain e 33. According to
Lekhnitskii,28 the particular solution was obtained by integrating
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the elastic equilibrium equations of the beam. As a result, indicat-
ing with e5 theunit torsionangle,one has the followingdisplacement
® eld:

Ås1 = ¡ m 31( e0 + e1

x1

2
+ e2x2) x1 + m 32e1

x2
2

2 ¡ e1

z2

2

¡ [e3( m 31x2
1 ¡ m 32x2

2

2 ) + e4 m 31x1x2 + e5x2]z ¡ e3

z3

6

= Åu1 ¡ e1

z2

2
+ Åv1z ¡ e3

z3

6
(25a)

Ås2 = ¡ m 32( e0 + e1x1 + e2

x2

2 ) x2 + m 31e2

x2
1

2 ¡ e2

z2

2

¡ [e3 m 32x1x2 ¡ e4( m 31x2
1 ¡ m 32x2

2

2 ) ¡ e5x1]z ¡ e4

z3

6

= Åu2 ¡ e2

z2

2
+ Åv2z ¡ e4

z3

6
(25b)

Åw = (e0 + e1x1 + e2x2)z + (e3x1 + e4x2)
z2

2

+ e3 l 31

x3
1

6
+ e4 l 32

x3
2

6

= (e0 + e1x1 + e2x2)z + (e3x1 + e4x2)
z2

2
+ Å} (25c)

where m 31 and m 32 are Poisson’s coef® cients and l 31 and l 32 are
given by

l 3i =
(E13 + G31) m 31 + (E23 + G32) m 32 ¡ E33

G3i

(26)

From Eqs. (19) and (23), because of Å¾ is identically null, one has

cT
j [ Åu(P0) Åv(P0)] + * C e

tT
j [ Åu Åv] d C e

= ¡ *
X e

r 33 j [Xen X 0 et ] dX e (27)

c33 Å} (P0) + * C e
[tT

j Åv ¡ Å}
@t3 j

@z
+ Åt3

@w j

@z ] dC e

= ¡ *
X e

r 33 j X 0 et dX e (28)

Finally, subtracting Eq. (27) from Eq. (19) and Eq. (28) from Eq.
(23), one obtains

cT
j [u(P0) v(P0)] + * C e

(tT
j [u v] ¡ sT

j [tn tt ]) dC e

= cT
j [ Åu(P0) Åv(P0)] + * C e

tT
j [ Åu Åv] dC e (29)

c33 } (P0) + * C e
( tT

j v ¡ }
@t3 j

@z ¡ sT
j tt + t3

@w j

@z ) dC e

= c33 Å} ( P0) + * C e
( tT

j Åv ¡ Å}
@t3 j

@z
+ Åt3

@w j

@z ) dC e (30)

which constitute the boundary integral representation of the prob-
lem dealt with. Equations (29) and (30) give the integral equations
coupling the tractionsand the displacementson the boundary of the
generic ply. These equations, togetherwith the prescribedboundary
data and the interfacial conditions, are the fundamental relations
for the solution of the problem by the BEM. When the ply section
boundary is discretized by boundary elements, the unknowns in-
volved in Eq. (29) are, in general, four for each nodal point, namely,
u, v, tn , and tt . On the other hand, for each node, that is for P0 coinci-
dent with the nodal point, one can write term to term four equations,

P0 beingcommon to theboundariesof the contiguousplies.Once the
fundamentalsolutionsare known, taking into account the prescribed
boundary data and enforcing the interface continuity conditions, a
set of linear algebraic equations is obtained, the solution of which
provides the displacements and the tractions along the x1 and x2

directions on the boundary of each ply. Then from Eq. (30) one
can determine the other ply section boundary unknowns, i.e., the
function } and the tractions t3 directed along the z axis.

Fundamental Solutions
The fundamental solutions, i.e., the orthotropic elastic responses

in in® nite domain due to point loads acting at P0 , depend on the
roots of the following characteristic equation22 , 28 , 29:

C11 k
2 ¡ 2(C12 + C33/ 2) k + C22 = 0 (31)

where the coef® cients Crs are the elastic coef® cients of the ply

[Crs] = E ¡ 1 (32)

Assuming that the roots k i of Eq. (31) are distinct and positive in
sign, as generally happens, the ® rst two fundamental solutions s j

are

[s1 j

s2 j ] = [ } 1 j B11 } 2 j B12

w 1 j B21 w 2 j B22] [ A1 j

A2 j] (33)

in which

} i1( P, P0) = ¡ ( ri )/2 p (34a)

w i1(P, P0) = ¡ [tan¡ 1( Ï k i y/ x)]/ 2 p Ï k i (34b)

} i2(P, P0) = ¡ [tan¡ 1( Ï k i y/ x)] Ï k i / 2 p (34c)

w i2( P, P0) = ( ri )/2 p (34d)

where

x = x1(P) ¡ x1(P0) (35a)

y = x2(P) ¡ x2(P0) (35b)

ri = Ï x2 + k i y2 (35c)

where xi (P) are the coordinates of the ® eld point P and xi (P0) are
the location coordinatesof the point force. Moreover, one has to set

B1i = C11 ¡ C12/ k i (36a)

B2i = C12 ¡ C22/ k i (36b)

The stresses¾ j , associatedto these fundamentalsolutions,are given
by

é
êë
r 11

r 22

r 12

ù úû j

=

é
êêêêêêêë

@} 1 j

@x1

@} 2 j

@x1

¡
@w 1 j

k 1@x2
¡

@w 2 j

k 2@x2

@} 1 j

k 1@x2

@} 2 j

k 2@x2

ù úúúúúúúû
[ A1 j

A2 j ] (37)

The Ai j constants are provided by

A1 =
k 1 k 2

C22( k 2 ¡ k 1)
[ B22 p k 1

¡ B21 p k 2
] (38a)

A2 =
k 1 k 2

C11( k 1 ¡ k 2)
[ ¡ B12/ p k 1

B11/ p k 2
] (38b)
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The third fundamental singular solution of the problem was explic-
itly derived by using Lekhnitskii’s28 stress functions. This solution
is given by the following relationship:

é
êë

s13

s23

w3

ù úû
= é
êë

} 13 B11 } 23 B12 0

w 13 B21 w 23 B22 0

0 0 x3 } 33

ù úû
é
êë

A13

A23

A33

ù úû
(39)

where

} i3 = x( Ï k i [ (ri ) ¡ 1] ¡ k i [ (r3) ¡ 1]/ Ï k 3
)

+ k i y tan¡ 1 [( Ï k 3 ¡ Ï k i )xy/(x2
+ Ï k i k 3y2)] (40a)

w i3 = y( Ï k i [ (ri ) ¡ 1] ¡ Ï k 3[ (r3) ¡ 1])

¡ x tan¡ 1
[( Ï k 3 ¡ Ï k i )xy/(x2

+ Ï k i k 3 y2)] (40b)

} 33 = (r3) (40c)
and where

k 3 = G31/ G32 (41a)

r3 = Ï x2 + k 3 y2 (41b)

The stresses are

é
êë
r 11

r 22

r 12

ù úû 3

= é
êë

p k 1 (r1) ¡ p k 3 (r3) 0 0

(r3)/ p k 3 ¡ (r1)/ p k 1 0 0

tan¡ 1 [( p k 3 ¡ p k 1)xy/(x2 + p k 1 k 3 y2)] 0 0

ù úû
é
êë

A13

A23

A33

ù úû
+ é
êë
0 p k 2 (r2) ¡ p k 3 (r3) ¡ G31 (r3)

0 (r3)/ p k 3 ¡ (r2)/ p k 2 ¡ G32 (r3)

0 tan¡ 1[( p k 3 ¡ p k 2
)xy/(x2 + p k 2 k 3 y2)] 0

ù úû

£ é
êë

A13

A23

A33

ù úû
(42a)

[ s 31

s 32]3

= [G31 0

0 G32] [ x/r 2
3

k 3 y/r 2
3

] x3 A33 (42b)

For this fundamental solution, the coef® cients Ai3 need to be calcu-
lated from the following relation:

é
êë

A13

A23

A33

ù úû
=

p k 3/ (G31G32)

2 p ( k 1 ¡ k 2)

é
êêêêêë

k 1

( k 3 ¡ k 1)
¡ k 1 k 2

( k 3 ¡ k 1)
0

¡ k 2

( k 3 ¡ k 2)

k 1 k 2

( k 3 ¡ k 2)
0

0 0 1

ù úúúúúû

£

é
êêêêêêêë

C11G31 + C12G32 + m 13

C11

C12G31 + C22G32 + m 23

C22

( k 2 ¡ k 1)

p k 3

ù úúúúúúúû

(43)

The fundamental solutions in an in® nite orthotropic domain are
calculated for a unit point force at the location P0 . It can be proved
that, whereas the coef® cient ci j of the Eq. (20) is equal to d i j when
P0 is in the interior domain X e , the value of ci j is equal to d i j / 2
when P0 is on the smooth boundary C e.

Applications
In this section some applications are presented to illustrate the

formulation proposed. The examples refer to two cross-ply lami-
nate con® gurations, namely, (0/90)s and (90/ 0)s , that have been
widely investigated in literature and for which solutions are avail-
able for comparison. The geometrical properties of the investigated
laminates are shown in Fig. 2 and the material elastic properties in
gigapascal are set as follows:

EL L = 137.9 ET T = ESS = 14.5
(44)

G LT = G L S = GT S = 5.9 m LT = m L S = m T S = 0.21

where the subscripts L , T , and S refer to along ® ber, transverse,
and thickness directions, respectively.Owing to the structural sym-
metry only a quarter of the laminate section has been considered in
the analysis, and for each ply the discretizationshown in Fig. 3 has
been used. The integrals have been calculated by Gauss quadrature
with linear interpolation of the unknown boundary data. Suitable
numerical techniqueshave been used to take into account the kernel
singularities.30 At the corner points the coef® cients ci j are numeri-
cally obtained by calculatingthe boundary integral of Eq. (20). The
assumption of symmetric stress tensor requires r 21 = 0 at the free
edge location x2 = h, so as to satisfy the local momentum equilib-
rium. To satisfy this free edge condition, the two equations written
for a point load applied at the free edge interlaminar corner and
directed along the x1 axis are substituted by a linear combination
obtained by summing them.

Figures 4 and 5 show the interlaminar stresses r 22 and r 21, re-
spectively,at the interface x2 = h, for the two laminates subjected to
axial extension.The stress distributions obtained show good agree-
ment with those available in the literature for points away from the
free edge. However, considerable differences exist for points near
the free edge location. This is to be expected as a result of a pri-
ori assumptions for approximate solutions or because the boundary
tractionconditionsof thecontinuumproblemhavebeentransformed
into conditions on the generalized data. In the present solution (as
shown in Fig. 5), the interlaminarshear stress r 21 goes to zero at the
freeedge asmust be in order to agreewith the traction-freeboundary
condition. However, even if the shear stress r 21 vanishes at the free
edge, the stress distribution near the free edge (Fig. 5) increases
rapidly toward large values, which suggests a signi® cant stress
concentration.

Figures 6, 7, and 8 show the interlaminarstresses r 21, r 22 , and r 23,
respectively,at the interface x2 = h, for the two laminates subjected
to a shear loading along the x2 axis. Figures 6 and 7 suggest that the

Fig. 2 Laminate con® guration.

Fig. 3 Boundary element method discretization for a quarter of the
beam section.
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Fig. 4 Stress ¾22 distribution for [0/90]s and [90/0]s laminates under
axial extension.

Fig. 5 Stress ¾21 distribution for [0/90]s and [90/0]s laminates under
axial extension.

Fig. 6 Stress ¾21 distribution for [90/0]s and [0/90]s laminates at the
generic longitudinal coordinate z under shear/bending loading.

interlaminar stress r 21 and peeling stress r 22 distributionsalong the
interface have the same trend as those found for laminates under
uniform axial extension for both laminates considered. It is also
seen that a rapid change of gradients occurs near the free edge
for the r 23 interlaminar shear stress in composite laminates under
shear/bending. By summarizing the results, the solutions indicate
that complex stress states with signi® cant stress concentrationsnear
the free edge are present in cross-ply laminates subjected to various

Fig. 7 Stress ¾22 distribution for [90/0]s and [0/90]s laminates at the
generic longitudinal coordinate z under shear/bending loading.

Fig. 8 Stress ¾23 distribution for [90/0]s and [0/90]s laminates under
shear/bending loading.

loading. The present analysis appears to con® rm the existence of
stress singularities in the stress ® eld at the free edge as pointed out
by other authors.5 , 6, 8, 13 This problem is the subject of in progress
analyses.

Conclusions
The formulation proposed provides the elasticity solution for the

multilayered,beam type composite laminateunder various loadings
appliedonly on the terminal sections.The problemis exactly formu-
lated in terms of integral equations, and the solution is numerically
achieved by using the BEM. All of the elasticity relations, that is,
equilibrium equations, strain compatibility, traction boundary con-
ditions, and ply interfacecontinuityconditions,are exactly satis® ed
in the formulation,which thereforeprovesconsistent.The numerical
solution provided by the BEM thus tends to the solution of the con-
tinuousmodel with the mesh re® nement.The present formulation is
a very interestingapproach to the problem both from the theoretical
and the computationalpoint of view. It allows the analysis of struc-
tural components of composite material working in the context of
no a priori assumptions. Four-ply, symmetric cross-ply laminates,
subjected to axial and shear/bending loads have been investigated
and the results compared, when available, with those obtained us-
ing other solution techniques. The interlaminar stress pattern near
the free edge, which was obtained without appealing to successive
mesh re® nements, highlights the ef® cacy of the method.
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